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Abstract When applied to large-scale separable optimization problems, the recently
developed surrogate subgradient method for Lagrangian relaxation (Zhao et al.:
J. Optim. Theory Appl. 100, 699–712, 1999) does not need to solve optimally all the
subproblems to update the multipliers, as the traditional subgradient method requires.
Based on it, the penalty surrogate subgradient algorithm was further developed to ad-
dress the homogenous solution issue (Guan et al.: J. Optim. Theory Appl. 113, 65–82,
2002; Zhai et al.: IEEE Trans. Power Syst. 17, 1250–1257, 2002). There were flaws
in the proofs of Zhao et al., Guan et al., and Zhai et al.: for problems with inequal-
ity constraints, projection is necessary to keep the multipliers nonnegative; however,
the effects of projection were not properly considered. This note corrects the flaw,
completes the proofs, and asserts the correctness of the methods.
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1 Optimization Problem and Lagrangian Multipliers

1.1 Optimization Problem

The separable integer programming problem in [1] can be described as follows (prob-
lem descriptions in [2, 3] are a little different, but that does not affect the following
analysis):

min
x

JIP ≡
I∑

i=1

Ji(xi), s.t. Ax ≤ b, xi ∈ Zni, i = 1,2, . . . , I, (1)

where x = [x1, . . . , xI ]T is an N × 1 decision variable with N = ∑I
i=1 ni and Zni is

a set of integers. Furthermore, A is an M × N matrix, b is an M × 1 vector and the
objectives {Ji(xi)} are possibly nonlinear functions. The Lagrangian relaxation (LR)
of (1) is given by

min
x

[
I∑

i=1

Ji(xi) + λT(Ax − b)

]
, s.t. xi ∈ Zni. (2)

Here, λ is an M × 1 vector of Lagrangian multipliers.

1.2 Projection for Updating the Multipliers

For LR, the multipliers are nonnegative when relaxing the inequality constraints
[1–4]. Note there is no such requirement for equality constraints. Thus, the projection
is necessary when updating the multipliers during the iterations, i.e.,

λ̂k+1 ≡ λk + skgk, (3)

λk+1 = [λ̂k+1]+. (4)

Here, at iteration k, sk is the stepsize, gk is the subgradient or surrogate subgradient
given by gk = Axk − b, and xk is the argument of (2). The projection within (4) is
obtained as

λk+1
m = λ̂k+1

m , if λ̂k+1
m ≥ 0, (5a)

λk+1
m = 0, else, (5b)

where m = 1, . . . ,M is the element index of λk+1 and λ̂k+1 ≡ λk + skgk .
The above shows that the rigorous expression of (7) and (25) in [1] should have

the form (4) and be updated according to (5). The same is required for μ in (30) of
[2] and (25) of [3].

2 Completion of the Proofs Affected by Projection

The projection in (4) invalidates some of the steps within the proofs in [1–3]. Some
of them can be corrected by applying the nonexpansive property of projection and
will be presented in Sect. 2.1 below. Others are more involved and will be presented
in Sect. 2.2.
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2.1 Nonexpansive Distance of Projection

From the projection theorem in [4], the projection in (4) as given by (5) is nonexpan-
sive, i.e.,

‖[v]+ − [w]+‖ ≤ ‖v − w‖, ∀v,w ∈ RM.

Because of this, (36) in the proof of Theorem 4.1 [1] should be

‖λ∗ − λk+1‖2 ≤ ‖λ∗ − λk − skg̃k‖2 = ‖λ∗ − λk‖2 − 2sk(λ∗ − λ)Tg̃k + (sk)2‖g̃k‖2.

Thus, the theorem still holds since the remaining proof is still valid. The same applies
to (39) of [2] and (A4) of [3].

2.2 Completion of the Proofs for the Case with Inequality Constraints

For the surrogate subgradient method, it is important that the surrogate dual is always
less than the optimal dual (Proposition 4.1 in [1]). However, the argument within the
proof is not correct, since (33) in [1], i.e., (6) below,

L̃k + (λk+1 − λk)T(Axk − b) = L̃k + sk‖gk‖2, (6)

may not hold. The reason is that the multiplier λ, used to relax inequality constraints
in [1], needs projection as in (4). However, the correction is not straightforward and
requires Lemma 2.1 below.

Lemma 2.1 At the kth iteration,

(λk+1 − λk)Tgk ≤ sk‖gk‖2,

where gk is a subgradient or surrogate subgradient as in [1].

Proof If λ is a multiplier to relax the equality constraints, then there is no projection
and

(λk+1 − λk)Tgk = sk(gk)Tgk = sk‖gk‖2.

Therefore, (33) in [1] holds. When λ is used to relax the inequality constraints, then

(λk+1 − λk)Tgk − sk‖gk‖2 = (λk+1 − λk − skgk)Tgk = (λk+1 − λ̂k+1)Tgk ≤ 0.

To explain the last inequality, let

�λ ≡ λk+1 − λ̂k+1.

In view of the fact that λk+1 is the projection of λ̂k+1, the elements of �λ are nonneg-
ative for (5). For any element m, �λm > 0 implies λ̂k+1

m < 0. Furthermore, gk
m < 0,

since sk and λk
m are nonnegative in (3). Therefore, �λTgk ≤ 0, the last inequality is

validated, and Lemma 2.1 is proved. �
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From Lemma 2.1, it can be seen that the equality (33) in [1] should be replaced by
the following inequality:

L̃k + (λk+1 − λk)T(Axk − b) ≤ L̃k + sk‖gk‖2.

In this way, the remaining part of Proposition 4.1 still holds. Similar corrections apply
to the proofs of Theorem 5.1 in [2] and Lemma 2 in [3].

3 Conclusions

Projection is necessary to update the multipliers when Lagrangian relaxation is used
for problems with inequality constraints. However, this was not considered ade-
quately in [1–3], causing flaws in the proofs of the surrogate subgradient and related
methods. This note corrects the flaws, completes the proofs, and asserts the correct-
ness of the methods for problems with both equality and inequality constraints.
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