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Mixed coordination method for long-horizon optimal control problems

JIANXIN TANG+, P. B. LUH} and TSU-SHUAN CHANG}

We present a new approach to solving long-horizon, discrete-time optimal control
problems using the mixed coordination method. The idea is to decompose a long-
horizon problem into subproblems along the time axis. The requirement that the
initial state of a subproblem equal the terminal state of the preceding subproblem is
relaxed by using Lagrange multipliers. The Lagrange multipliers and initial state of
each subproblem are then selected as high-level variables. The equivalence of the
two-level formulation and the original problem is proved for both convex and non-
convex cases. The low-level subproblems are solved in parallel using extended

_ differential dynamic programming (DDP). An efficient way to find the gradient and
hessian of a low-level objective function with respect to high-level variables is
developed. The high-level problem is solved using the modified Newton method.
An effective procedure is developed to select initial values of multipliers based on the
initial trajectory. The method can convexify the high-level problem while maintain-
ing the separability of an originally non-convex problem. The method performs
better and faster than one-level DDP for both convex and non-convex test
problems.

1. Introduction

Large-scale optimal control problems are generally difficult to solve because of
their inherent high dimensionality, problem complexity and non-linear behaviour.
There are many different techniques for problems of small to medium size, but there
have not been many efficient methodologies for solving large-scale problems. Some
methods, such as goal coordination and model coordination, were developed along
the line of state decomposition and coordination (Mesarovic et al. 1969, Jamshidi
1983). For many large-scale problems, the long time horizon adds another dimension
of difficulty. For this reason, ‘incentive coordination’ (Chang et al. 1990, Bromberg
et al. 1989 a, b) and ‘target coordination’ (Chang et al. 1989) were recently developed
along the line of time decomposition. The idea of incentive coordination is to modify
the cost function of each subproblem by adding an incentive term to it. These incen-
tive terms are updated at a high level to insure overall optimality. In target coordi-
nation, the initial and terminal states of subproblems are selected as high-level
coordination variables. Note that both the incentive and the target coordinations are
primal methods. In this paper, we present another time decomposition approach for
long-horizon optimal control problems using a mixed coordination method, which
is a combination of the primal and the dual methods.

The mixed coordination method for static optimization was presented by Slngh
(1978) and Tang er al. (1988, 1989). When applied to time decomposition and
coordination of dynamic problems, a problem is first decomposed along the time axis
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into smaller subproblems. The requirement that the initial state of a subproblem equal
the terminal state of the preceding subproblem is relaxed by using Lagrange
multipliers. The Lagrange multipliers and the initial state of each subproblem are then
selected to be optimized at the high level. For a given set of high-level variables the
low-level subproblems are decoupled optimal control problems with a shorter time
horizon, and can therefore be solved in parallel. The high-level variables are then
updated on the basis of low-level results, and the process repeats until convergence.

Although many existing techniques can be used to solve the high-level problem
and low-level subproblems, fast convergence and algorithm compatibility are of
crucial importance in solving a two-level problem: see the discussion in Chang et
al. (1989). In this paper, the differential dynamic programming (DDP) of Yakowits
and Rutherford (1984) is extended for low-level subproblems, and the modified New-
ton method is used for high-level optimization. The reasons for selecting the DDP
for low-level subproblems are that it has a quadratic convergence rate near the
optimal, and can provide the first- and second-order derivative information needed
for high-level optimization. The modified Newton method also has fast high-level
convergence near the optimum. An effective procedure is developed to select the
initial values of multipliers based on the given initial trajectory.

Mixed coordination has an advantage over other coordination methods. When
applied to non-convex problems the method preserves the separability of subpro-
blems even when quadratic convexification terms are added. As a result, the method is
promising for problems with non-convex cost functions or non-linear system
dynamics. Although the algorithms presented in §§3 and 4 are only for the
unconstrained case, they can be extended to problems with constraints on state and
control variables. This investigation is currently under way.

In § 2 we formulate the problem and describe the time decomposition procedure.
The equivalence of the two-level formulation and the original problem is shown for
the convex case. The algorithms presented in §§ 3 and 4 are for convex and non-
convex problems, respectively. In § 4 the equivalence of the two-level formulation and
the original problem is shown for the non-convex case. In §5 the procedure for
selecting initial values of multipliers based on the given initial trajectory is presented.
Numerical results show that significant speedups are achieved for both convex and
non-convex test problems in a simulated parallel processing environment. There are
some concluding remarks in § 6.

2. Mixed coordination formulation of optimal control problem
Consider the following discrete-time optimal control problem. (For simplicity, the
problem considered here is without terminal cost gy (Xy+1). A problem with
terminal cost can be converted to our formulation by lumping the terminal cost with
gn(xy, uy) using system dynamics.)
Problem P
N
minJ, with J= ) g(x,u) 1)
{ue} t=1
subject to the system dynamics:

Y o S I | AT with v oilven (N
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Assume that g, and f, are twice continuously differentiable in x, and u, for all ¢, and
N =MT> 1, where M and T are positive integers. To facilitate time decomposition
that will partition Problem P into M subproblems each with T stages, we shall adopt
a double subscript notation. In the new notation, the first subscript is the subproblem
index, and the second subscript is the stage index within a subproblem. Problem P
can thus be rewritten as follows.

Problem P’
) . M T
minJ, with J= ) Y gu(x;, u;) 4
{uji} ji=11t=1
subject to:
xj(t+1)=.fit(xjt’ ujt): jil92>"'9 Ms t=1:25"‘7T (5)
Xjr+1) =X+, J=L2,. . M—-1, t=12,..,T (6)
and

x;€X,<cR" and uueU,cR", j=12,.,.M, t=12,..,T 7

Notq that constraint (6) requires that the initial state of a subproblem equal the
termlngl state of the preceding subproblem.
Using Lagrange multipliers to relax constraint (6), we have the following problem.

Problem P”
M

T
max min min L, with L= Z[ 1gj,(xj,,uj,)+if[x(,-+1)1—xj(TH)]] (8)

A} G+ {uid ji=1] 1=

with A, ME—)i(M+1)1- =0, subject to constraints (5) and (7). Selecting {4;}};' and
{X(+11}i=1 as high-level coordination variables, Problem P” can be decomposed

into the following M subproblems.
Subproblems (P —j), j=1,2,... M

T
I{Tum}l L;, with L;= :21 gie(Xjes ) — iJij(T+1) &)
subJ:ect to relevant constraints from (5) and (7). Let {u}(4;, x;;)}/=1 denote the
optimal controls of Subproblem (P — j) for the given high-level variables 4;, x;;, and
L¥(4;, x;;) the corresponding optimal cost. Then the high-level problem is to find the

optimal {4;}7" and {x;, 1,1 }}=1", i.e. the following problem.

Problem (P — H)

M
max min Ly, where Lyp= Y [L¥(4;x;) +4f-1)%;] (10)

{4} =G+ 01} j=1
with 14 = 4, =0, subject to
X+ €Xgepn <R, j=12,.. ., M1 (11)

When the cost function is convex the system dynamics is linear, and X, and U, are
convex for all ¢, Problem P’ is a convex programming problem. Equation (5) can
be rewritten as
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Theorem 1
The solution of Problem (P'— H) is a saddle point.

Theorem 2
Problem (P — H) and Problem P” are equivalent.

In Theorem 2, the two problems are equivalent in the sense that if ({AF},
{x{+1)1)) 1s the solution of Problem P —H and {u}(A}, x{.,;)} is the solution of
Subproblem (P —j) given ({47}, {xf+1)1}), then ({45}, {x§1 1)1k Wh(Af x4 1)1)}) is the
solution of Problem P” and vice versa. The proofs of Theorems 1 and 2 are similar

to those for the static problems due to Tang et al. (1989), and are omitted here.

3. Mixed coordination algorithm for convex problems

As mentioned in § 1, the algorithms presented here and in § 4 are for unconstrained
problems only. That is, X;;=R" and U,=R™ for all j and ¢ in (7). For convex
problems considered in this section, the DDP of Yakowits and Rutherford (1984)
is extended for low-level subproblems, and the modified Newton method is
adopted for high-level optimization. Two major difficulties are associated with the
modified Newton method under the mixed coordination framework (Tang et al.
1988, 1989). The first is how to obtain the gradient and hessian information in
determining the Newton direction, since first- and second-order derivatives of the
objective function with respect to all high-level variables are needed. The second is
when to terminate a line search along a Newton direction, as the high level is a
max—mini problem. An efficient way is developed here to find the high-level gradient
and hessian information by exploiting the DDP algorithm. The line search stopping
criterion, on the other hand, is based on the norm of the gradient vector (Dennis and
Schnabel 1983). In this section, we shall first present the extended DDP algorithm to
see how the needed information can be obtained, and then present the details of the
high-level modified Newton method.

3.1. Extended DDP for low-level subproblems

DDP is a successive approximation technique for solving optimal control
problems (Jacobsen and Mayne 1970, Ohno 1978, Yakowits and Rutherford 1984,
Yakowits 1986, Chang et al. 1989). It consists of two steps: backward dynamic
programming and successive policy construction. For Subproblems (P — j), the back-
ward dynamic programming procedure is first applied by making quadratic approxi-
mations of Subproblems (P —j) along a nominal trajectory, and formulating at each
stage a quadratic programming problem in terms of variational state and control.
By solving the quadratic programming problem at each stage, coefficients of the
variational feedback controls and the variational cost-to-go functions are obtained.
The successive policy construction procedure then uses these coefficients and the
nominal controls to construct new controls and states forward in time, and to calcu-
late the new cost. If the cost is lower than the nominal one, the nominal trajectory
is updated by the new trajectory. Otherwise the new controls are modified in a specific
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The extension of Yakowits and Rutherford (1984) is needed to represent tl}e
variational feedback controls and the variational cost-to-go functions explicitly in
terms of all relevant high-level variables. To see how this can be done, consider
Subproblems (P —j) with A; and x;; given. Let {u,t=1, s T} be a g@ven set of
nominal controls and {x;, t=1,..., T+ 1} be the corresponding state trajectory. By
taking a second-order Taylor series approximation of I.Droble.m '(P— j) at the last
stage, the approximate quadratic programming problem in variational terms can be
formulated as follows:

VjT(ij’ 5ij) = Iani_n QP[ng(ijs ujT) - iij(T+ 1)] (13)

T

where QP denotes the quadratic approximation operation, and
QP[ng(ij, ”jT) - ’lexj(T+ 1)] = 5ijTC1jT5ij + 5uJTTC2jT5ij
+ 6uly C3pujr + Cayr Oty + CsjrdX;r
+/1]-TC7jT5ujT+/leC8jT5ij (14)
The COCfﬁCientS Cle, Cij, C3jT) C4jT’ Csz, C7jT and CSjT are deﬁned as fOHOWS:
Cir= %VxxngW
Cg iT= V.u&ir

_1
C3jT =7Vuung

CIjTEVung - (15)
ngT =V.gr

Cojr=—B5;

Cojr=—Ajr

where V,g;r, V,.g;r and so on denote the first- and second-order derivatiyes Of, t_he
stagewise cost function g;r. For convex problems, assume that matrix Cj;y is positive
definite; then problem (13) has a unique solution:

Sy = —$C3n(Chir + Coyr0xjr + Cljrd;)

= ajp + Bir0X;r + ViTA; (16)
where
or= —3C3r Cayr
ﬁjT = _%Cs_jlrczﬂ (17)
Yir = _%ng%C%T

are called control coefficients. Substituting (16) into (13), the optimal variational cost-
to-go function is given by:
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where
Dle = Cle - ﬁ]TTC3jTﬁjT A
Dyjr= Cejr— ZBJ'TTcszVjT

Dyjr= —VjTTcajTVjT - (19)
Dyjr= Csjr— 2°‘J'TT C3jTﬂjT
Dsjr= —2%‘TTC3JTVJ'T J

and @y is the sum of all other terms not containing A; or 0x;p. Because 0Ly /04, is
very easy to obtain (as will be seen in (27)), coefficient D5, in (19) will not be neeéed
by the high level. Therefore D, i for 1 <t < T will not be derived here.

By following a similar derivation the quadratic approximation of an intermediate
stage t, 1 <t < T, has the following form:

OP[g;(x, upe) + Vigs 1y (4}, 0+ 1y)]
=0x}Cy;,0x; + 0u;Cyp 0%, + Ouj, Cy;0u;, + Cyj0du,
+ CSJ-,(SXJ-, + j']TC6]tj‘]t + /IJTC7J,5uﬁ + iJTCSﬁ(Sxﬁ (20)
The calculations of C,j, C,;, Csjes Caes Csjis Cojs Cqj and Cgyj, are as follows:
Cljt = %Vxxgjt + AjTtD1j(t+ 1)Ajt )
Con=Vugp+ 2AjTtDIj(t+ nBje
Csje= %Vuugjt + B};Dlj(ﬂr 1) Bje
Cij = Vugjt + BjTtD4j(t+ 1)

C5in =Yg+ AfDujes 1) -
Ceje = D3jg+1)
Crj=Dajur 1B}
Coje=Dsjer1)Aj; J
The optimal variational feedback control is given by:
ouly = oy, + ;0% + 7,04
where
Uy = _%C;jtl CIjt
ﬁjt = %C;jtl C2jt (22)
Vi = _%Cs_jrl Coj

Substituting (22) into (20), the optimal variational cost-to-go function is given by:
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where
Dyj=Ci—BiCspbi
Dyje=Cqj— 2B CajeVin 24)
Dyj=Cep— VjTrcajtht
Dyje=Csj—20,Cq;e
To let (20)—(24) also cover the t=T case, we define the terminal conditions for
equation (24) as follows:

Dlj(T+ 1= 0
D2j(T+ 1) = —I
D3j(T+1)=0
D4j(T+1)=0

where I represents an identity matrix.
To ensure that the new controls we have constructed yield a cost lower than that of
the nominal ones, the variational feedback control of (22) is modified as follows:

Ouj = ety + P 0xy + €754 (25)

where parameter e is first set to be 1, then reduced by half if necessary until the new
controls yield a cost lower than the nominal.

Since (23) represents the optimal variational cost-to-go function at stage ¢, the
optimal variational cost for Subproblems (P —j) is V},. As a result, the derivatives
of L¥(4;, x;;) with respect to high-level variables, e.g. OL}/0X(j+1)1, OPL¥[0xE 4 1)1,
0L¥/8)? etc., are readily available from the coeflicients of Vj;.

3.2. High-level derivative information and modified Newton method
The high-level variables are updated using the modified Newton method accord-
ing to

}'1 k+1 11 k
X21 X21
)\«2 _ 12 b (ka_ 1 VLH (26)
X31 X31
L. : _ L. _

where H is the hessian of Ly, VL is the gradient of Ly, k is the high-level iteration
index, and the step size 0<a*< 1 is determined by an appropriate line search
procedure. From (8), (10) and (23) the high-level gradients are

oL
ﬁ =XG+1)1 T XiT+1) (27 a)
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The high-level hessian matrix is

(2D, I 0 0 ..]
I 2Dy Dy O
H=| 0 Dyyy 2Dsy I . (28)
: 0 I 2Dy
L ' i

Note that this hessian matrix is with respect to high-level variables only, so its
dimension will not be too large. Note also that H is not positive definite nor positive
semidefinite. In fact, it is an indefinite matrix since the high-level solution is a saddle
point (see Theorem 1). Consequently it is difficult to use the value of Ly as the
criterion in determining the step size o*. To overcome this difficulty we use the norm of
the high-level gradient as the stopping criterion, as used by Tang et al. (1988, 1989).
Let e denote the square of the euclidean norm of the high-level gradient, i.e.

2
] (29)

The goal of the high-level optimization is to reduce e to zero or to minimize e.
Therefore, if e has no other local minimum, its value can be used as the stopping
criterion for the high-level line search routine (Dennis and Schnabel 1983). Tt has
been proved by Tang et al. (1989) that e has a unique minimum for static problems.
The proof of e having a unique minimum for dynamic problems is similar and is
omitted here. In our algorithm, if

2

0Ly
oA,

Ly

6x0+ 1)1

j=1

M-1
e(2y, Xgr1)1) = z [

e(/{?r L xfj++11)1) < e(/"{;, xL-+ 1) (30)

is satisfied, where i is the index within a line search, then the line search is stopped.

4. Mixed coordination for non-convex problems

In this section we extend the results of § 3 to non-convex problems. One basic
technique in dealing with non-convex problems is to add quadratic convexification
terms to the standard lagrangian function (see, for example, Bertsekas 1982, Luen-
berger 1984). This convexification process, however, may destroy the separability of
the original problem, and prevent the decomposition of low-level subproblems. Many
researchers have tried to overcome this difficulty by various approaches (see, for
example, Bertsekas 1979 and Tanikawa and Mulai 1985, 1987 for static optimization).
Because of the specific selection of high-level variables, our method preserves the
separability of the original problem even when quadratic convexification terms are
added. Further, the information needed for high-level optimization is again readily
available from low-level subproblems, and the dimension of the high-level hessian
matrix is the same as that for convex problems.
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Problem P,

M=

M
max min minL,, with L,= )
j=11

Zi(Xis i) + AT [ X4 191 — X;
{4} {xG+n1} {ujed e J[ G+ ](T+1)]

1t

1

C
+ §|x<j+ 1= Xjr+pl* (31)

subject to constraint (5). In Problem P, Ay =Xx4s+1)1 =0, ¢ is an appropriate
positive constant, and subscript n denotes non-convexity. The choice of ¢ will be
discussed later in this section. By selecting {4;}}7" and {x;); }}=;"' as high-level
variables, Problem P, can be decomposed into the following M subproblems.

Problem (P—j') j=1,2,.... M
T
: ' . r_ c
min L;j, with Lj = tZl 8% 1) — (O + X)Xy + 5 Nanf (32)
e =

subject to

Xje+1y=JSp(Xj tje)y t=1,..., T

The high-level problem, similar to Problem (P — H) in § 2, is as follows.

Problem P—H’
max min Lj
{43 feg+n1}
M

’ ’ C
where Ly = 3 (Lj*(xj, x,.l,x(j+1)1)+[AU_I)xj1+§|xUHM|2D (33)

=1

where Ao = Ay = xpr+1)1 =0, and L*(+) denotes the optimal low-level cost, given
thfa high-level variables. From (32) and (33) we see that the separability of the
original problem is preserved even with the presence of cross product terms
{x%r+1)Xg+1)1}- This is one advantage of mixed coordination over the augmented
Lagrange relaxation method. To show the existence of a saddle point for Problem

(P—H’) and the equivalence of the one-level and two-level approaches, the following
notation is needed. Let

— T T T T T
xH—(x21a X315 000y x(j+1)1, veny le)

A= (T, 00, o AT ey 2 )T

s Ai s
A

z=
X

— T T T\T
u; = (uj1, Ujz, .., Ujg)
—_ T T THN\T
u=(ui,uy, ..., Uy)
We have Theorems 3 and 4 below.

Theorem 3
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Theorem 4
Problem. (P — H') and problem P, are equivalent.

In Theorem 4 the two problems are equivalent in the sense that if z* is a local
solution of Problem (P — H') and u*(z*) is a local optimal solution of Problem (P — ),
given z*, then (z*, u*(z*)) is a local solution of Problem P,, and vice versa. The proof
of Theorem 4 is similar to that for Theorem 2 and is omitted here.

4.2. Extended DDP for low-level subproblems

The major difference between (32) and (9) is that Subproblems (P — j') contain not
only the high-level variables 4; and x;,, but also x;. ;. Therefore, additional infor-
mation from Subproblems (P — ') with respect to x,;. 1y, is needed at the high level.
Consequently the forms of the optimal variational controls and variational cost-to-
go functions for Subproblems (P — ) have to be modified to include explicitly x;1 1)1 .
By adapting a procedure similar to that in § 3 we have the following results for stage ¢
1<t 7).

The quadratic approximation of Subproblems (P —j') at stage t is:

OPg;(x;, ) + Vigs 1y(45> 0% 4 1)5 X+ 1y1)]
= 0x5,Cy;10x; + Oul Cy 10X, + Ouj Cy 01,
+ Cyje0tty + Cs;0x;+ A Cojedj+ A] Cqj0u;
+ A Cy 0% + X 191 Coje> X+ 1)1+ XGi+ 1)1 Croe 0tz
+ x{+ 191 Cr1je0%j + X 131 Cr2jeds + CuajeXge 11 (34)

The calculations of C4, Cs, Cg, C, and Cg are the same as those in § 3 except that 4, is
replaced by V., f;, and B, by V, f;;. The calculations of C;, C,, C;, Cy, Cyo, Cy1, Cyp
and C,; are as follows:

Cljt = %[:Vxxgjt + 2Vx j{Dlj(H I)Vx_fjt + 'Zl (D4j(t+ 1) + ng(ﬂ. 1)/11- W
+ ng(t+ DX+ 1)1)iVxx((fjt)i)]
Caje= Vel + 2Vofii Dijos yVulie + 'Z1 (Daje+ 1)+ Dijes 1Ay

+ DT 19X+ 1y1): Vaul(fie)2)

1 n
Cije= EI:Vuugjt + 2V, i Dijer 1y Ve + 'Zi (Daje+ 1)+ Dajer 14 4 (35)

+ ng(w 1HXg+ 1)1)ivuu((fjt)i)]

C9jt = D6j(t+ 1)
Clojt = D7j(t+ 1)Vufjt

Mixed coordination for optimal control 1405

In the above equations n is the dimension of x, the terms V_.((f;);) and so on are the
block hessian matrices of the ith coordinate of f;,. The matrices Dy, D, Dg and Dy are
related to optimal cost-to-go functions, and will be presented later. Note that C,, C,
and C, contain 4; and x;. ), . For simplicity, 4; and x;, ;); are treated as constants in
evaluating C,, C, and C;. The optimal variational control is:

oup = oy + Br0Xj + Vieds + M3 X+ 101 (36)
Substituting (36) into (34), the optimal variational cost-to-go is given by:
Vil Aj, 0%, X4 1y1) = 0x5 Dy ;10xj + AT D33 0%;, + A D3 A,
+ D1;0x; + DA+ XG4 1)1 DejuX(ja 1)1
+ x5 4 1)1 D740 + XG4 1)1 Dgjdj+ Do Xry + @5 (37)

The derivations of «, 8, y, D, D,, Dy and D, are as in § 3, with some of the terminal
conditions modified as follows:

Dijrvy= cl (38)
Dyjrs1y=CXjr41y

The calculations of y, D¢, D, Dg, and D, are as follows:

Hjp= _%Ca_jtlclojt )
D¢y = C9jt_”letC3jt”Ijz
D= C11jt-2’7jTtC3jtﬁjt
Dy, = Cizjp— 2’7jTtC3jz7jz

v

(39)

Dg;=Ci3j— 2a£C3jtnjtJ
The terminal conditions for the above iteratively defined coefficients are:
Hir= — %Ca_leijT\

Dejr+ny= 0

Dyjirs1y=—cl s (40)

D8j(T+1)=0

D9j(T+ Hn= 0

-
By similar reasoning to that which led to (25), (36) is modified as follows:

ouf = et + B 0% + €V d; + e X4 1)1 (41)
where the choice of ¢ is the same as that in (25).

4.3. High-level derivative information
From (31), (33) and (37) it is not difficult to see that the high-level gradients are:

oL
0_}:=x(j+1)1_xj(T+1) (42 a)

L,
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The high-level hessian matrix is:

© 2Da1, I+ Dgy, 0
I+Dgyy ¢l +2Dgy;+2D,,,  Di Dy, 0
0 Dyay 2Ds,, I+ Dy,, 0 0
0 Doy, I+Dgy cl+2Dgy; +2D31 Dysy  Dosy
0 0 0 Dss, 2Ds3y I+ Dgsy ...

(43)

For the choice of ¢, it should not be too small or too large. If it is too small the
convexification may not be enough. If it is too large the convergence will be slowed
down. The stopping criterion for high-level line search is the same as in § 3.

5. Numerical results

As mentioned by Yakowits and Rutherford (1984), there are no well-established,
standard test problems for large-scale optimal control systems. In this section, five
problems are tested. We start with a scalar problem to see how our algorithms work.
We then apply our algorithms to multi-dimensional problems with uncoupled,
coupled and non-linear system dynamics to see how robust the algorithms are in
solving different types of problems.

As mentioned, low-level subproblems are solved by using the extended DDP
algorithm, and the high-level problem is solved using the modified Newton method.
For purposes of comparison, each problem is also solved using the one-level DDP
algorithm without decomposition and coordination. In testing the two-level al-
gorithms, a simple line search procedure is employed at each high-level Newton
iteration. The step size is initially set to 1, and reduced by half as needed until the value
of e (as defined in (29)) decreases. The high-level convergence criterion is

ILE — Ly
< 0-000001 44
BARS (e
or
VL, <0-0001 (44 b)

where VLy is the high-level gradient as described in (27) or (42). The convergence
criterion for the extended DDP algorithms is

st — 1
L5+ 1
where p = 0-000001 for the one-level DDP (L; = J in this case), and p = 0-0001 for the
DDP in two-level algorithms. ‘
For each test problem the initial state x, and initial nominal controls {%,}_ | are

given. Nominal states {X,})_, are then calculated according to system dynamics. To
implement the two-level algorithms we also need initial conditions of Lagrange

<p (44 ¢)
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the Lagrange multipliers for the given initial nominal trajectory using the first-order
necessary conditions of optimal control. Consider Subproblem (P — j) with constraint

(5) relaxed by using Lagrange multipliers {m;}/=1. A new lagrangian can be formed:

T
T T
L= 21 gjt(xjt: ujt) - )“j Xjr+1y T lu, nXj1
t=

T
+ 21 [an:(xj(w 1y — i %je> uy))] (45)
t=
By setting to zero the derivative of L;, with respect to x4+ 1), We have
On the other hand, by setting to zero the derivative of L;, with respect to u;r, we have
T
G _ (Y y —0 (47)
auiT aujT

Combining (46) and (47), 4; is given by:

T+
4= | (ir %8r (48)
4 Oujp ou;p

where [ -]* denotes pseudo-inverse (Brogan 1985). When the above equation is
evaluated at the initial nominal trajectory one obtains {i}}. In all the testing
presented here, {1} are selected using this method.

Test problem T,: A scalar problem
8
J= Y [05x) +(x,—2)* +(u,— 2)*]
=1

subject to
Xp41 =X — Uy

with initial state x, = 0-5, initial nominal control #, =0 for all ¢, and M =2, T=4
(two subproblems, each with four stages). The high-level initial conditions are x9,
(=x2) =05 and A9 =4 according to (48).

Test problem T,
This problem is taken from Chang et al. (1989).
N n m m m m n
=3[ 5 ou-ar £ e $ie § B war 100§ -l |-
=1li= i=1 i=1 i=1 > i
subject to
Xe+1 = A X, + By,

with N=14, n=m=2, a;, =20 for all i and ¢, and A,=1,, B,= —1I,. The initial
state is x, =[5 5]7, the initial nominal controls are i;, = —2 fqr all i and t. The
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Test problem T,
This test problem has the following 4 and B matrices:

-1 0
A,=1,, B= - for ali ¢

The cost function is the same as in Test problem 7. The initial-state x,, N, M, T n,
m and a; are also the same as those in problem 2. The initial nominal controls are
#,=[~2 —4]" for all «. The high-level initial conditions are A°=[42 26]T and
X3 (=x3)=[19 191"

Test problem T,
This problem has a cost function similar to that in Test problem T,:

m

N n m m
=3 [z (o) 3t 3 e §
t=1 i=1 i=1 i=1 i j

i=1j

(NaE]

1

n
U Uy + .21 (o — ait)z:l
i

v

It has the following non-linear system dynamics
Xey1=ApX, + Btw(ut)

where A4,=1,, B,= —1,, o(u,)={[sin(u;,) sin(u,)]", and N, M, T are the
same as in problem 2. The low-level initial conditions are x; =[5 5]* and
#,=[—03 —03]" for all z. The high-level initial conditions are 1% =[204 204]"
and x9,(=x3)=[706 7-06]". This is a non-convex problem, and the convexi-
fication parameter ¢ is chosen to be 10.

Test problem T
This problem is taken from Chang et al. (1989).

N
J= Z [exp (atht) +exp (thut) - atht CXp (ath;k) - th”t €Xp (thu;k)
t=1

+ Cl(xt_xt*)T(xt_xt*) + ¢y (u,—uf) + d,]

where
d, = —exp (a/ x}) — exp (b] w¥) + af x* exp (al x}*) + bT u¥ exp (b u)

The system dynamics is the same as thatin 73. In Ty, n=m=2, N =42, M = 3, a,=
b,=[001 001]", x and u} are user-designed optimal solutions, and ¢, = ¢, =01
guarantee the strict convexity of J. The initial state x, is [0 0], the initial nominal
controls are i, = [0 0]" for all ¢, and u* =[0-5 0-5] for all ¢. The high-level initial
conditions are 43 =43 =[—02 —01]" and x§; =x%, =[0 0]".

Testings are performed on an IBM 3090 mainframe computer on MVS in the
absence of a parallel processor. In the testings, we assume zero communication time
and synchronous processing. We also assume that the number of subproblems equals
the number of processors. A user-supplied subroutine (provided by UConn Computer
Center) is used to time the execution of the algorithms. The low-level CPU time of an
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adopted. Speedup, defined as S, = T;/T, where T, is the one-level DDP processing
time, measures the improvement in computation time using our two-level parallel
algorithm for comparison with the one-level DDP. Testing results are summarized in
Table 1.

From Table 1 we see that the final costs for both the one-level DDP and the two-
level algorithms are either the same or very close. More importantly, the results show
that significant speedups are achieved. The speedups for T, and T; are extremely high
for a simulated two-processor system. Detailed examination of the execution of the
two algorithms for T, and T, reveals that the parameter ¢ (see (25)) was reduced
several times during the first few iterations of the one-level DDP. This is probably
due to the accumulated errors of DDP in solving long-horizon problems. This did
not occur for the two-level algorithm, where each subproblem had a much shorter
time horizon. The speedup measures, defined according to one of the definitions given
on p. 15 of Bertsekas and Tsitsiklis (1989), is therefore very high. More tests are
performed on T;. The total number of stages reached 336 and the total number of
subproblems 7. Other parameters, including x,, n, m and a,, remained the same. The
results are summarized in Table 2.

One-level DDP Two-level algorithm

Exec. Exec.

time, time,

T, (s) fe.f MxT Ki T, (s) S, fe.
Ty 0010 41-95537 2x4 5 0-0055 1-82 4195537
T, 0032 104 163-562 2x7 3 0-015 2-13  104163-625
T 0-060 140349-25 2x7 5 0021 2:85 14034925
T, 0022 553328687 2x7 4 0-014 1-57 553329297
Ts 0-035 0-00004 3x14 3 0-022 1-58 0-00000

T f.c.: final cost.
1 K: number of high-level iterations.

Table 1. Summary of test results.

One-level DDP New two-level algorithm
Exec. Exec.
time, time,
Stages T, () fc. MxT T, (s) S, fc.

42 0-080 140 349-92 3x14 0-036 2:22 14034994
84 0-200 140 349-92 3x28 0-068 294 14034992
168 0-360 14034992 3 x 56 0-116 310 14034992
336 0-700 140 349-92 Ix 112 024 291 14034992
42 Tx6 0-04 2:00 140 349-94
84 7x12 0-058 345 14034992

168 7 %24 0-092 301  140349-92
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In Table 2 the speedups increase when the number of stages and the number of
subproblems increase, as expected. For a fixed size problem it may not be advan-
tageous to divide a problem into too many subproblems. For example, the speedup
for T; with N =42 and M = 3 is 2-22. The speedup for the same problem but with M
=7 is reduced to 2 because of the increase in high-level computational load. On the
other hand, the speedup does increase for larger problems as M increases. For
example, with N =336 and M = 3 the speedup for T} is 291. The speedup with M =7
is increased to 4-72. This indicates that large speedups can potentially be achieved for
problems with large numbers of stages and subproblems. We therefore believe that the
algorithms for solving long-horizon optimal control problems under a parallel
processing environment will be advantageous.

6. Concluding remarks

This paper presents a new approach for solving long-horizon optimal control
problems using the mixed coordination method. The idea is to decompose a problem
along the time axis into smaller subproblems. The requirement that the initial state of
a subproblem equal the terminal state of the preceding subproblem is relaxed by using
Lagrange multipliers. The Lagrange multipliers and the initial states of subprob-
lems are then selected as high-level variables. For a given set of high-level variables the
low-level subproblems are decoupled and can be solved in parallel. By exploiting the
DDP algorithm the high-level gradient and hessian are made available once low-level
subproblems are solved. Therefore the modified Newton method is ideal for high-
level optimization. Further, with specific selection of high-level variables the separa-
bility of the original problem is preserved even when quadratic convexification terms
arc added. As a result, our algorithm can be applied to non-convex problems.
Numerical results show that our algorithm outperforms the one-level DDP under a
simulated parallel processing environment and is suitable for long-horizon optimal
control problems.

Compared to the incentive and target coordination schemes mentioned in § 1, the
new approach offers an advantage over incentive coordination where the low-level
subproblems are not completely decoupled. Additional steps have to be taken to
decouple them. Compared to target coordination, the new approach offers the
advantage of being able to handle non-convex problems. Further, the terminal state of
each subproblem is free in the new approach in contrast to the fixed terminal state
case of the target coordination. This might have special value when extended to
constrained problems. This issue is currently under investigation.
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Appendix
Proof of Theorem 3

LThuavot ovatrtie T/ 2o 9NN wiithh 1 LComd Toha Wl~an~l A2 oo b + ~f +1hn
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forj=1,..., M — 1. Although V2411 L¥ 01 V24 1), L+ 1) may not be po§i_tive deﬁgite
in x¢+1)1, the term ¢I with sufficiently large ¢ will make V2 Ly positive definite,
implying that Ly is convex in xy. On the other hand, define

®(1) = min Ly (4, xg)

XH
and
Xz1 — Xy(T+1)

X31 — X2(r+1)
h(xy) =

X41 — X3(r+1)

Then the hessian of @ is (Luenberger 1984, p. 399)
V2O(3) = — Vo hxi) (V2 Lig (A X)) ™' Vg hesr)

Since V2, Ly(4, xy) is positive definite and V.., h(xg) is full rank, V;®(2) is negativ/e
definite, implying that ®(1) is concave in 4. Therefore the solution of Problem (P — H')
is a saddle point. ]
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