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From Receiver Operating Characteristic to System
Operating Characteristic: Evaluation of a Track
Formation System
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Abstract—This paper deals with the application of the multitarget
tracking techniques in combination with a Markov chain model to the
evaluation of a track formation system based on a composite logic.
The goal is to evaluate target track detection probability and false track
probability, and to determine the system’s target capacity. The novelty
of this work is that it computes target track detection probability in
the presence of false alarms. The key to this is to explicitly account
for the effective target detection probability. This probability is reduced
by the presence of false alarms, which “mislead” the logic into using
measurement association gates smaller than it should have used.

The system operating characteristic (SOC) is introduced. The SOC
is the plot of the target track detection probability versus the false
track probability, where the values of target detection probability and the
false alarm probability are varied to conform to the receiver operating
characteristic (ROC) corresponding to the system’s operating signal-to-
noise ratio. This allows choice of the detector’s operating point such as
to satisfy the overall system requirements.

A procedure to infer the overall system capacity in terms of the mini-
mum spacing of targets that ensures tracking with a certain reliability is
also presented. The entire methodology is illustrated with a case study
dealing with an actual system.

NOMENCLATURE
Pp  Per look target detection probability.
Pr,4 False alarm probability per look per (resolution) cell.
Pp, Target track detection probability (for a single target in the
absence of false alarms).
Pr, False track probability (due to false alarms in the absence
of targets).
Py ,  Target track detection probability (for a single target in the
. presence of false alarms).
Pr, False track probability (due to false alarms in the neigh-

borhood of a single target).

I. INTRODUCTION

THIS paper deals with the application of the multitarget track-
ing techniques [1]-[3] in combination with a Markov chain
model to the design and evaluation of an actual track formation
system operating in an environment with a high false alarm rate.

A track initiation procedure using a composite logic, suitable
for a high data rate sensor, is considered. A high data rate sensor
(relative to the target motion) is one in which target detections
that occur in consecutive looks are at most a few resolution cells
apart.

The goal is to evaluate a class of track formation logics based
upon system requirements, and to determine system target capac-
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ity. The system requirements are:

1) the target track detection probability;

2) the false track probability.

An M out of N, denoted as M /N, logic is a test which stipu-
lates that an event (association of a measurement from a ‘‘valida-
tion gate™ [1] to a track) must occur at least M times in N consec-
utive sampling times. An n block composite logic is a functional
composition of # M; /N; logics. The two-block logic, denoted as
M, /N, M, /N>, is the composition M>(M, /N )/N>.

Blackman [3] presented an analytical technique for correlation
(association) performance evaluation that yields the probability of
a correct update. However, as pointed out in Reid [9], one cannot
make an inference from one update to system performance over
several updates due to the dependence of the associations across
time (since one bad thing leads to another. ..). A score function
was also considered in [3] for performance evaluation over time
using a Markov chain model with fixed target detection proba-
bilities. A Markov chain based technique was presented in [4],
[6] to evaluate the probabilities of a target track initiation in the
absence of false alarms. The effect of false alarms arising in the
validation (association) gate at a given sampling time, when the
target is not detected, is to reduce the probability of correctly as-
sociating subsequent target-originated measurements [2]. This is
equivalent to reducing the target detection probability. The same
technique was used in [4], [6] to evaluate the false track prob-
ability but under the rather restrictive assumption of fixed size
gates.

In contrast to these approaches, the one presented here answers
the question of what happens over several sampling times by ex-
plicitly accounting for the effect of false alarms on the association
of measurements for maneuvering targets.

Holmes [7] described a Bayesian approach consisting of a sin-
gle block logic called the adaptive track promotion logic. This
logic relies on the ratio of the probability of a track being valid to
its probability of being invalid given a sequence of detections.
In Nagarajan [8] a two-stage composite scheme is used within
the framework of the probabilistic data association filter [1]. In
stage 1 a decision feature (number of times the signal in a cell
exceeded all the reference cells’ intensities) is used to determine
whether or not a given cell has a target detection. This assumes
that the target did not move much during the antenna dwell time.
In the second stage, if there is more than one consecutive missed
detection, then the track is dropped. For both algorithms [7], [8]
performance evaluation at a system level can be done only via
simulations.

The purpose of this paper is to present a performance evalu-
ation scheme that does not require simulations and can account
in a realistic way for the effect of the clutter. For the simplest
tracking scenario of a single target in the absence of false alarms,
standard Bernoulli sums can be used to get:

1) Pp,—the target track detection probability in the absence
of false alarms, in terms of Pp, the per look target detection
probability. The other quantities of interest are:

2) Pp,—the target track detection probability in the presence
of false alarms, which is a function of Pp and Pr,, the per
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look per cell false alarm probability;

3) Pp,—the false track probability in the absence of targets,
a function of Pr4;

4) Pp, —the false track probability in the presence of a tar-
get, a function of Pr4 and Pp.

To obtain the last three quantities above, the so-called common
gate-history algorithm (CGH), has been devised. The CGH al-
gorithm greatly reduces computational and storage requirements,
and avoids the need for simulations, which would be costly due
to low-probability events._

A plot of Pp, versus Pr,, called a system operating charac-
teristic (SOC), is made, where values of Pp and Pr, are varied
to conform to the receiver operating characteristic (ROC) cor-
responding to the system's operating signal-to-noise ratio. This
allows choice of the detector’s operating point such as to satisfy
the overall system requirements.

Section II presents the association gates for the case study on
which the performance evaluation technique is illustrated through-
out the rest of the paper. The performance evaluation for the situ-
ation of a single target in the absence of false alarms is described
in Section III. The difficulties of performance evaluation in the
presence of false alarms are discussed in Section IV. The CGH
algorithm, which automatically generates the Markov chain states
modeling the track formation logic and follows their evolution, is
introduced in Section V. This algorithm is then used to evaluate
the false track probability in the absence of targets (Section VI),
the probability of detecting the track from a single target in the
presence of false alarms (Section VII), and the probability of a
false track in the neighborhood of a target (also in Section VII).
The multiple target situation is considered in Section VIII, where
the CGH algorithm is used to infer the overall system capacity in
terms of the minimum separation of targets that ensures tracking
with a certain reliability.

II. Te AssociaTION GATES

Detections in the sensor’s field of view, assumed here to be a
radar, are assumed to be resolved into Ny range and Ny Doppler
cells. A measurement association (acceptance) gate [1]-[3] con-
sists of the range and Doppler cells centered at the predicted
location of the target. A similar technique can be used with other
types of measurements.

The following two assumptions are made.

1) The predicted location of the target in the measurement
space (the center of the gate) is assumed here to be the last target
detection.

2) The size of the acceptance gate is determined by the target
dynamics and depends only on the elapsed time since the last
detection.

Denote by g(w;) the size of an acceptance gate that has grown
for w; looks since the last association. The size of the gate is
determined by using the target’s maximum velocity and acceler-
ation. Thus, any range-Doppler cell that the target could be in
(given the cell of the latest detection) will be part of the gate.
Therefore, if the target is detected, it will be in its gate.

For the case study considered, Table I gives the postulated gate
growth sequence as a function of the gate index w that reflects
the targets’ maneuverability. These are dimensionless quantities
obtained from the application that motivated the present study.

If at any look (sample time) a detection falls in the gate, then
it is associated with the detection that established the gate. Unas-
sociated detections are those detections that occur outside accep-
tance gates. Unassociated detections are used to initiate new track
files.

IH1. SINGLE TARGET IN THE ABSENCE OF FALSE ALARMS

The composite logic track initiation scheme lends itself to a
quick and easy performance evaluation when considering a single
target in the absence of false alarms. One can use Bernoulli sums
to obtain the track detection probability Pp,, in terms of the
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TABLE 1
GROWTH OF GATES
R G, T S, o
1 1 3 3 7 21
2 1 3 6 13 39
3 2 5 9 19 95
9 2 5 12 25 125
5 2 5 15 31 155
6 3 7 18 37 259
7 3 7 21 43 301
8 4 9 24 19 11
9 4 9 27 55 495
10 4 9 30 61 549
11 S 11 33 67 737

target detection probability for a single look Pp, for a “‘window
period” T, over which the initiation takes place.

For an M| /Ny, M, /N, composite logic the track detection
probability is given by the following equations:

N,
Puyn, = 3 C (N1, DPp(1 = Pp)™ ™ 3.1)
i=M,
N,
Pp, =Puun, = 3 C N2y DPriy Y (4 = Pagyn )
J=M;
(32
where
N!
N, i) = . .
CON.D =N "hn 63

The window period in this case is NyN,T where T is the basic
sampling period.

For a 2/8, 4/4 logic (32 looks), Fig. 1 gives a plot of Pp, versus
Pp. For example, to obtain Pp, = 0.8, one needs Pp ~ 0.46.
Note the “S-shape’” of the curve: medium values on the x-axis are
mapped into large values on the y-axis, while small values are
mapped into very small ones—this reflects the “‘discrimination
power”’ of the logic.

Synchronous Versus Asynchronous Logic

If the counting of the composite logic is synchronized to start
at a predetermined initial time and if the target is illuminated by
the radar beam for the duration of the counting, then the above
equations yield an exact relationship between Pp and Pp,. If,
however, the logic is triggered by an unassociated detection (ini-
tiator), i.e., it is a detection-triggered logic, then the relationship
between Pp and Pp, obtained from (3.2) is only approximate.
Nevertheless, the difference is of the order of a few percent only.
All the remaining sections are for detection-triggered logics.
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Fig. 1. Track detection probability versus single-look target detection prob-

ability for a 2/8, 4/4 composite logic.

Effect of False Alarms

The values obtained from (3.2) are good in a tracking envi-
ronment where the target tracks are not affected significantly by
false alarms (i.e., low probability of false alarms per look per
cell, Prq). In this case one would expect that the Pp required
to give a desired Pp,, as per (3.2), would be close to the Pp
necessary in the actual tracking environment. Thus, (3.2) can be
used for preliminary selection of which composite logic to use in
more realistic and more complicated analyses.

IV. EVALUATION IN A REALISTIC ENVIRONMENT

To analyze tracking environments which contain false alarms
one cannot use the Bernoulli sums as was the case for a single
target in the absence of false alarms. The false alarms occur on
a per look per cell basis. Thus, the probability of having false
returns in a target gate depends upon the number of cells in
the gate. But the number of cells in a gate depends upon how
long ago the detection that established the gate occurred. Thus,
the probability of a track with M detections in N looks depends
upon the order in which the detections occurred because of the
gate growth. Since (3.2) will give the same probability for all
tracks with M detections in /V looks regardless of the order in
which the detections occurred, it cannot be used to analyze the
target-in-clutter situation.

One approach in evaluating situations with false returns is to
enumerate every possible track sequence that will satisfy the com-
posite logic requirements. Each possible track has an occurrence
probability depending upon the track makeup as pertaining to tar-
gets, false returns, and no returns. For the case of false alarms
in the absence of targets, this approach is not too burdensome
computationally. However, when considering the more compli-
cated scenario of a single target in the presence of false returns,
the computational load of this (brute force) approach increases
tremendously.

Because of the excessive computation required to evaluate the
performance in an environment with false alarms, an approxi-
mate method, which greatly reduces the computational load, is
described in the sequel.

V. THE CoMMON GATE-HISTORY ALGORITHM

For the scenario of a single target in the presence of false
alarms, a track can have any one of the following makeups:

1) detections from the target only;

2) detections from the target and from false alarms;

3) detections from false alarms only.

Given these possible track makeups, the evaluation of a two-
stage composite logic of the type M, /N, N2 /N can be done
based on a sufficient statistic of a track, which consists of:

1) the number of time steps since the last detection [target
(T'GT) or false alarm (FA)], denoted as wy;

2) the number of time steps since the last target detection,
denoted as wy,; and

3) the count of detections within stage 1 of the logic (logic
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status), denoted as N (this holds for the 2/8, 4/4 logic where
there is only one element for logic status; for other composite
logics more than one logic status element might be required).

Under assumptions AS1 and AS2 to be introduced later, the
gate-history vector

w = [wr, awyy N (5.1
is the sufficient statistic for the 2/8, 4/4 logic. This vector evolves
according to a Markov chain. The states and transition probabili-
ties can be set up manually (and then the chain evolution follows
from standard equations) or, in an alternative, automated manner
to be discussed next.

Using this sufficient statistic the algorithm sequentially gen-
erates the feasible values of w and lumps all tracks according
to a common w. In view of this, the procedure is called the
common gate-history (CGH) algorithm. This procedure and the
accompanied recursive calculation of the probabilities of the cor-
responding gate histories is significantly simpler than the manual
setup of the corresponding Markov chain state-space and transi-
tion matrix. Thus, the CGH generates automatically the states
of the Markov chain and follows their evolution.

Once a track is started, it is continued by observing the events
that occur within its acceptance gates. For the purpose of evalu-
ation the following events are considered.

A, No detection.

A, Target detection.

Az False alarm.

A4 Target detection and a false alarm.

The events with more than one false alarm in a gate are as-
sumed to occur with low probabilities assuming Pgy is low
enough (1073 or less for the gates presented in Table I). If one
has to work with a larger value of Pr 4, then the algorithm should
be augmented to include more events. This is summarized by the
following assumption.

ASI: Events A,,---, A, are exhaustive.

The CGH evaluation algorithm works by continuing each track
at each look according to the four possible events: the track prob-
ability at look i is multiplied by the probability of the event that
continues this track at look / + 1 (to give the updated track prob-
ability at look i/ + 1) and then lump (add the track probabilities
of) all the tracks with a common «. This leads to a Markov chain
with a manageable number of states, which are generated auto-
matically. The Appendix illustrates how the lumping of tracks is
accomplished.

Probabilities of the Gate Events

The probabilities of the events A, ---, A4 are given next. The
gate size (number of range and Doppler cells) for an wy-step
prediction is denoted as g(wy).

The “‘no detection” probability in gate g(w) is

P{A,} = (1 - g“"”P,,) (1 — Ppy)s (5.2)

&lwrr)

where the ratio of actual gate g(w;) to the size it should have
been, g(wy,), is used to reduce Pp to a lower “‘effective’ value.
This assumes a uniform spatial distribution of the location of a
target in a gate.

The probability of the target only detected is

P{A;} = %Pm Ppa . (53)

&(
The probability of one false alarm and no target detection in
gate g(w;) is (assuming the probability of more than one false
alarm to be negligible)

PlAV =1 —(1 — 8(wr) l_wp > 54
A} = (1 Pra) >< EDpp). )
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Finally, the probability of one false alarm and target detection
in gate g(uwy) is

(5.5

P{A} = (1 = (1 - Ppaye MP)
e o )<g(wu) b

Description of the Algorithm

For event A, the updating of w is done by incrementing «; and
wy; by 1 (the last detection and last target detection are one more
look further back in time) and by not changing N. For event A4;,
since there has just been a target detection, then w; = w;, = 1
and N is incremented by 1. For event A3, since there has just
been a false detection, w; = 1; however, wy, gets incremented
by 1 because the detection was not from the target and A is
incremented by 1.

For event A4 there is a simultaneous occurrence of a false
alarm and the target detection. Assuming that a track splitting
algorithm is used, then event A4 yields a true track as well as
a false track. In view of this, assumptions AS2a and AS2b are
used.

AS2a: In computing the false track probability Pr,, tracks
continued with event A, (one FA and target detected) are lumped
with the tracks that continue with event A3 (one FA only).

AS2b: In computing the target track probability Pp,, tracks
continued with event A4 are lumped with the tracks that continue
with event A, (target detection only).

With these assumptions the CGH algorithm under AS2a will
give realistic false track probabilities while with AS2b the target
track probability will be realistic.

For the 2/8, 4/4 scheme, \ is used to check for the satisfaction
of the first stage in the logic (2/8) requirement. The 2/8 require-
ment covers eight looks which are made in a time span denoted
by T4. A track file (sequence of detections) is initialized with
a new (unassociated) detection for a detection triggered logic.
Upon initialization, N is set to 1. A track file with no detections
within the current T 4 will have A = 0. A track file with one de-
tection within the current T, will have N = 1. A track file with
two or more detections within the current 7, will have A = 2,
at which point the counter is “saturated.”” This is because track
files with A = 2 have satisfied the 2/8 requirement for the current
T 4. At the end of the current 74 only those track files with A =2
will be allowed to continue to the subsequent T'y. At the start of
the next Ty period, N is reset to zero.

The 4/4 requirement is satisfied by track files which have satis-
fied four consecutive 2/8 requirements. For logics other than the
2/8, 4/4 composition, different schemes may be required to check
for logic acceptance. With suitable modifications to the scheme
used for the above two-stage composition, any M /N1, M3 /N>
composite logic can be evaluated. This methodology can be ex-
tended to logics with more than two stages at the cost of increasing
the dimension of the sufficient statistic.

Summary

The CGH algorithm generates automatically the states of the
Markov chain modeling the track formation. The inputs Pp and
Pr4 are used to calculate the probabilities of track continuation
events A, through A,4. A track probability is found by multiplying
the probabilities of the events that make up the track.

At each look the tracks are lumped by adding the track prob-
abilities of the track files with a common gate history vector w.
This keeps the number of possible states of the Markov chain
within reasonable computation limits— the algorithm has been
run on an IBMPC-AT.

VI. FaLse TRACKS IN THE ABSENCE OF TARGETS

The common gate-history algorithm can be used to evaluate
the relationship between the probability of a false alarm per look
per cell Pr, and the false track probability Pr, for composite
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logic track initiation schemes. This can be done by setting Pp
equal to zero.

In this case only pure false tracks (tracks with only false de-
tections) exist with nonzero probability. Note that the numerical
relationship between Pr4 and Pr, obtained in this way incorpo-
rates the approximation that the low probability events of two or
more false returns in a gate can be neglected. This is satisfactory
if Pry is 1073 or less.

After the preliminary relationship between Pp and Pp, is ob-
tained for a particular logic, as shown in Section III, use is made
of the ROC curve with P determined from the desired value of
Pp,, to yield Pr4.

For the sake of illustration, consider the ROC curve generated
according to the Swerling I detection model [5]

- 1) dB.

Fig. 2 shows a plot of the ROC with SNR = 9 dB. The Pr4
value obtained from the ROC is used to obtain P , as discussed
above, using the CGH algorithm. If an acceptable value of Pr,
is found, then the analysis can proceed to the more complicated
case of a single target in the presence of false alarms. Several
candidate logic schemes should be considered if possible. If an
acceptable value of Pr, does not exist for this particular logic,
then another logic scheme is to be evaluated.

This type of analysis requires caution because there may not
exist a logic which yields an acceptable Pp, and P, for a given
SNR. It is because of this that the CGH algorithm is valuable
since it is quick and requires no simulations. Simulations would
be very costly because of the large number of Monte Carlo runs
needed to evaluate small probability events. Several logic schemes
can be analyzed in a short time and, if every scheme tried is
unacceptable, then something else must be done such as relaxing
the requirements on Pp, and Pg,, or a higher SNR is necessary.

For the 2/8, 4/4 logic, Fig. 3 gives a plot of Pg, versus Pr4
obtained from the CGH algorithm with Pp = 0, with the gate
growth sequence of Table I, and the ROC curve (6.1) with SNR =
9 dB.

For example, as can be seen from Fig. 2, the detection thresh-
old setting corresponding to Pp = 0.46 (obtained in Section
1) yields Pr4 = 0.9 -10~3 which, in turn, gives, from Fig.
3, Pr, = 107%. This latter figure is the false track probabil-
ity (starting from a resolution cell) in a region of the surveillance
space where there is no target, with the above detection threshold
setting.

lOgP]:A
IOgPD

SNR = 10log ( 6.1)

VII. SINGLE TARGET IN THE PRESENCE OF FALSE ALARMS

Once a few candidate logic schemes have been found one has
to consider the more complicated scenario of a single target in the
presence of false alarms. With a range of Pp and Pr4 selected
from the ROC as the inputs to the CGH algorithm, one can obtain
corresponding values of:

e P, the target track probability in the presence of false
alarms; and
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e Py, the false track probability in the neighborhood of a
target.

For the purpose of evaluation, it is necessary to define a target
track. For the 2/8, 4/4 logic, a target track is defined as any
sequence of detections that satisfies the logic conditions and at
least one detection per eight looks is from the target. Any other
sequence of detections that satisfies the logic requirements will
be called a false track. The requirement to have the target at least
once in eight looks has been stipulated so that a tracking filter
will receive at least this much target information. Other target
track definitions might be also appropriate.

The value of Pp, will differ from Pp, obtained using Bernoulli
sums in at least two respects. As defined, the target track may
have the target detection only once during eight looks, whereas
for the case of a single target in the absence of false alarms a
target track must have the target at least twice during an eight
look span (2/8 requirement). Also the target track may contain
false detections which occur at a different rate than the target
detections. However, since the false alarm rate is low, the effects
of false alarm contamination on target tracks should be negligible.

The value of Pr, obtained in this evaluation of a single target
in the presence of false alarms can differ significantly from Pg,
obtained in the absence of targets. This is due to the following
phenomenon: in the neighborhood of target tracks, false tracks
can be ‘“‘spawned” from a target track. Therefore, false tracks
can occur with a higher probability due to target detections.

Caution must be used when interpreting the false track results:
Pp, obtained from the analysis of Section VI will be valid only in
regions of the tracking environment where there are no targets.
The value of Pg,, which pertains only to the vicinity of targets,
can be significantly different.

Evaluation of a Composite Logic for a Single Target in the
Presence of False Alarms

A range of values for Pp and Pr4 are selected from the ROC
and used as inputs to the CGH algorithm.

To obtain Pp,, the CGH algorithm:

1) computes the probability of all detection sequences that sat-
isfy the logic using assumption AS2b (TGT&FA — TGT);

2) separately stores the probability of target tracks according
to the definition adopted.

To obtain Pr,, the CGH algorithm:

1) computes Pp, under assumption AS2a (TGT&FA — FA);

2) subtracts it from the total probability of all detection se-
quences that satisfy the logic.

A set of Pp, and Pr, values are plotted against each other
to form the system operating characteristic curve (SOC). The
resulting SOC can then be used for deciding:

1) which logic scheme will best meet the system requirements
for target and false track probabilities;

2) which point on the ROC curve (detection threshold) should
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Fig. 4. The ROC for SNR = 10 dB and the SOC for the 2/8, 4/4 logic.

be used; and

3) whether the system SNR can meet the system requirements.

A plot of the ROC for SNR = 10 dB and the corresponding
SOC for the 2/8, 4/4 logic are given in Fig. 4. Fig. 5 presents
the ROC and SOC plots for 12 dB SNR, and the same logic.

The data points are alphabetically labeled to indicate corre-
sponding points on the two plots. Notice that, in the SOC, as Pp
and Pr4 increase, both Pp, and P, increase. However, as Pr4
becomes greater than 103, Fig. 4 indicates that PD, starts to
decrease. _

This decrease in Pp, is explained as follows. From (5-3) one
can see that the effective Pp for event A, (target only) depends
upon the ratio of g(w;) to g(w;,). An increase in Pr4 decreases
g(wy) because false returns are occurring more often. Although
an increase in Pp decreases g(w;,) as well, however, since the
rate of increase of Pr4 is much larger than the rate of increase of
Pp (from point b onwards, as seen from the ROC of Fig. 4), the
ratio of g(w) to g(w) decreases. Thus, the effective Pp goes
down and the target track probability decreases.

If one wants Pp, to be 0.8 or greater, then, as seen from Figs.
4 and 5, a minimum Pp of 0.45 is needed. However, since there
is a sharp knee in the SOC, it would be better to have a Pp of
0.5 or greater.

From the SOC in both figures one can see that, in order to have
a higher target track probability, one must tolerate a higher false
track probability. Thus, if target accuracy is important and there
are enough computer resources available so that extra false tracks
are not a problem, then Pp can be made large. Otherwise, Pp,
will have to be assigned a value so that Pg, is not too large.

Overall System Load

Note that PF, is the probability of a false track in the vicinity
of a true track. The quantity P, is the probability of a false track
starting from a resolution cell without “‘help” from a neighboring
target. For a practical situation one can have, say, PF, ~ 1072
and Pr, =~ 107°.

The expected number of false tracks in the surveillance region
is then

E(F,) =Pp,Nc +Pp,N, (1.1
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where:
N:—number of resolution cells in the field of view;
N;—number of targets.

The above can be used to obtain the computational load for the
environment under consideration.

VIII. MuLTiPLE TARGETS AND FALSE ALARMS

The final goal is to evaluate overall system capacity— the num-
ber of targets per unit area that can be handled. This is done
by setting a “‘noninterference condition” for neighboring targets
with a certain (high) probability. This can then be used to infer a
target density for which, in the presence of false alarms, there will
be no overlap with a certain (different, but still high) probability.
This target density can then be seen as a system capacity subject
to a noninterference condition between neighboring targets.

The approach consists of:

1) evaluation of the probability mass function (pmf) of the
gate index w; (number of looks since the last detection, which
determines the gate size) for a target track in the presence of
false alarms; and

2) setting a ‘‘nonoverlap condition” for the validation gates of
neighboring targets, which guarantees no interference.

Using the CGH algorithm, the pmf of the gate index for a
single target with false alarms is computed. The probability of a
gate index being equal to a given number (for a particular look)
is found by summing the track probabilities of all tracks (both
target and false tracks) with w; (defined in Section V) equal to
this number, then dividing this sum by the total probability of all
tracks.

Fig. 6 gives the pmf versus gate index for the 2/8, 4/4 logic for
Pp =045 and Prs = 1073, Fig. 6(a) shows it for look 8 and
Fig. 6(b) for look 32. The pmf for looks 16 and 24 are essentially
the same as for look 32 and are not shown. For these particular
looks (8, 16,24, 32) the largest gate index is seven because tracks
with gate index larger than seven would not have passed the 2/8
requirement, and thus are discarded.

In these figures one can see that the pmf goes down by a
factor of approximately 2 as the gate index increases by one.
This decrease is mainly due to the Pp value, which is close to
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Fig. 6. Gate index pmf. (a) Full maneuverability—Look 8. (b) Fuil
maneuverability— Look 32.

1/2. For a single target in the absence of false alarms one would
get the pmf values decreasing by exactly a factor of 1/(1 — Pp)
for an increase of gate index by 1.

Note that at look 8 the gate size pmf versus gate index has a
slightly heavier tail than at look 32. This shift of probability mass
from the tail to the front end, at looks 16, 24, and 32, is due to
the false tracks dying out after the first period T4 (8 looks).

Inference on Minimum Target Separation

For a given target separation one can compute the probability
of gate overlapping using the gate size pmf as shown next.

To consider the probability of overlap in range and Doppler,
first note that if there is overlap in one coordinate but not in the
other, then there is no gate overlap. Thus, there must be overlap
in both coordinates for a gate overlap to occur.

The following notations will be used in the sequel.

i £ gate index (number of looks since last detection).

(i) 2 number of range cells on each side of a gate, detailed in
Table 1. For example, with i4 = 3, one has p(i4) =2,
i.e., target A has a validation gate spread in range of
2p + 1 =35 cells.

o) = number of Doppler cells on each side of a gate. For

example, with iz =2, one has 6(ig) =6, i.e., target B
has a gate spread in Doppler of 26 + 1 = 13 cells.
XxVy = max (x,)).

Sr =range separation (number of range cells between the
two targets, i.e., if one is in cell j, the other is in cell
J A 50).

Sq = Doppler separation.

With s, and s given, the probability of two targets, A and B,
overlapping in range and Doppler for one look is

oy Fmax

Poy = " PsPln)

ig=\ig=iy

(8.1)
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TABLE 11
PrOBABILITY OF NO OverLAP Over Looks 9-16

| 095 095 095 096
o 24| 056 056 056 095
‘2| 00t 001 030 095
0| 000 000 030 095

0 2 4 6

where P(/) is the probability of gate index equal to /, and

10(Sd, Sryin) =1,(Sr, 14) Vig(sa,ig) (8.2)
ir(sr,iq) = arg min(p(i4) + p(i) = 5] (8.3)
ig(Saq, iq) = arg min[8(i4) + 8(/) = sa). (8.4)

In the above /q is the minimum gate index for target B such that,
for given separation (s, s,) and gate index i4 of target A, the
gates overlap.

Once Poy is found, then 1 — Py gives the probability of no
overlap for one look. Thus, the product of 1 — Pyy over several
looks gives the no-overlap probability of two adjacent targets over
these looks.

Table II gives the probability of no overlap over looks 9-16.
Thus, for a Doppler separation of 36 cells or more, regardless of
the range separation, there will be a high no-overlap probability
between adjacent targets over looks 9-16.

Notice also that for a range cell separation of 6 or more, there
will be a high no-overlap probability regardless of the Doppler
separation. Thus, once there is enough separation in either range
or Doppler, then a high no-overlap probabitity is guaranteed.

IX. SuMMaRY AND CONCLUSION

The preliminary evaluation of the track initiation based on a
composite two-stage logic in a surveillance system consisted of
the evaluation of:

1) the target track detection probability in the absence of false
alarms, in terms of the per look target detection probability Pp;

2) the false track probability in the absence of targets, a func-
tion of the per look per cell false alarm rate Pr 4.

This was followed by evaluation of the situation with target and
false alarms, with the quantities of interest being:

3) the target track detection probability in the presence of false
alarms, which is a function of Pp and Pr,4;

4) the false track probability in the presence of a target, a
function of Pr,4 and Pp.

The first quantity, the target track detection probability in
the absence of false alarms, could be obtained using standard
Bernoulli sums. To obtain the remaining three quantities, the
so-called common gate-history algorithm (CGH) was used. The
CGH algorithm generates automatically the states of the Markov
chain modeling the track formation process. It greatly reduces
computational and storage requirements and avoids the need for
simulations, which would be costly due to low-probability events.
The assumptions of the CGH algorithm are as follows.

1) The validation gate size (number of resolution cells) depends
on the target maneuverability and the elapsed time since the last
detection.

2) The probability of more than one false alarm in a gate is
negligible. The CGH algorithm has the feature of accounting for
the reduced effective Pp due to the false alarms.

The system operating characteristic (SOC) was introduced as
the plot of the target track detection probability in the presence
of false alarms versus the false track probability, where values of
Pp and Pr,4 are varied to conform to the ROC corresponding to
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Fig. 7. CGH algorithm—illustration of track continuation and lumping by
sufficient statistics (common ) for evaluation of Pr,.

the system’s operating SNR. This allows choice of the detector’s
operating point such as to satisfy the overall system requirements.

The CGH algorithm can be used to infer the overall system
capacity in terms of the maximum number of targets that can
be tracked with a certain reliability— this was done by setting a
“nonoverlap” condition between the gates of neighboring targets.

Future work can be done to account for more false alarms in
the gate and incorporate the effect of polynomial smoothing on
the data points to reduce the gate sizes.

APPENDIX

THE AuTOoMATIC GENERATION OF THE MARKOV CHAIN

The generation of the chain states by lumping of the tracks
with common gate-history is illustrated in the example of Fig.
7 for a detection-triggered logic. The status is shown at look 1
(time £,), just prior to look 2 (time ty7), at £, and prior to look
3 (time £; before and after lumping).

At look 1 the two possible events that could start a track file
are a detection from the target or a false alarm. Notice that, for
the track with the target detection, vy = 1 because there is a
detection at this look, and w; = 1 because the detection was
from the target, and A = 1 because there has been one detection
so far. Note that «;;, = F for the track started with an FA4. Here
F is a flag indicating that there has not been a target detection in
this track file. This is later used to evaluate the probability that a
track started by an FA4 will “pick up” a target.

The two track files which exist at look 1 are continued at look 2
by the occurrence of the events A, through A,. The probabilities
of events A, through A, are computed using Pp and Pry,.

From Fig. 7 one can see that after the second look there are
eight different tracks. However, some of these tracks have the
same sufficient statistics and, after lumping, there are only five
track files left. At look 3 if the tracks are not lumped according
to the sufficient statistics there will be 32 different track files,
but after lumping, only 9 track files remain.

Thus, by lumping tracks according to a common w, the number
of track files is reduced far below the number of possible distinct
tracks. For the 2/8, 4/4 scheme, over the first eight looks there
are 6544 unique tracks that satisfy the 2/8 logic. However, with
the CGH algorithm, each of these 6544 tracks will correspond to
one of only 35 possible . This number of states was determined
by the CGH algorithm when automatically generating the chain.
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